I. INTRODUCTION
The hadronic decays of the τ lepton have traditionally been advocated as one of the best frameworks to study the low energy sector of the strong interaction and the hadronic weak currents. (See Ref. [1] for a quick review). The τ is the only lepton heavy enough to decay into hadrons, and only mesons can be produced since otherwise it would require at least a baryon-antibaryon which have not enough phase space available. Furthermore there is only energy to produce up to strange mesons and thus τ decays represent a clean frame to study light flavor meson dynamics. Inclusive reactions allow for precise determination of parameters of the standard model and exclusive ones for the study of the mesonic spectrum and resonance parameters [2] . For instance, the τ → πππν decay is a priceless reaction to obtain the axial-vector spectral function [3, 4] .
In this work we are concerned with the little studied decay channel, τ → f 1 (1285)πν τ . This decay is specially important because it explores the moderate energy region of f 1 π invariant mass between m f1 +m π ≃ 1420 MeV and m τ = 1777 MeV which is too high for standard chiral perturbation theory but too low for perturbative QCD. Usually theoretical studies have resorted to phenomenological models, like [5] , where ChPT is supplemented with the inclusion of vectors and axial-vectors through VMD, or like Nambu-Jona-Lasinio (NJL) models [6] [7] [8] . In the previous works it was concluded the importance of the role played by the a 1 (1260) and the a 1 (1640) axial-vector resonances.
In the present work we approach the f 1 (1285)π − ν τ decay from a different point of view and we justify that it is dominated by a mechanism which in principle should be small but which is enhanced by a nearby singularity of the loop involved. This mechanism (see Fig. 1 ) is the triangle loop formed by a K * and aK * produced from the hadronic weak current and then the K * (or theK * ) coupling to a K (orK) and a π and theK * (or the K * ) merges with the previous kaon to produce the f 1 (1285). The study of the singularities produced by triangle diagrams was brought up by Landau [9] but has gained renewed interest in view of the increased hadronic experimental information [10, 11] . The triangle diagrams, of the kind of the one shown in Fig. 1 , produce a singularity only if the processes involved in the loop vertices can occur at the classical level, (Coleman-Norton theorem [12] ). If the particles inside the loop have a finite width, the singularity takes the shape of a broad peak and it can be misinterpreted as an actual resonance. It can be an important reason for resonance misidentifications together with cusp enhancements [13] . However, till very recently not many experimental examples where the triangle singularity played a crucial role had been shown up. In [10, 14, 15] it was shown that a peak experimentally observed at COMPASS [16] is essentially produced due to a triangle singularity involving the decay of the a 1 (1260) resonance. In other cases an a priori suppressed mechanism, like the isospin violating η(1405) → π f 0 (980), is enhanced thanks to a triangle singularity [17] [18] [19] . An example of triangles producing peaks not associated at all to a resonance is the peak obtained in the γp → K + Λ(1405) reaction [20] or in γp → π 0 ηp [21] . Even in the heavy quark sector triangle singularities has been predicted to produce peaks or give an abnormally large contribution [22] [23] [24] . Further recent examples where the triangle singularity has played a crucial role for specific processes can be found in Refs. [25] [26] [27] [28] [29] [30] [31] .
In the present work we show that the τ → f 1 (1285)πν τ is also dominated by this kind of enhancement from a triangle diagram. Actually, considering only this mecha-nism, we obtain a good agreement with the experimental branching ratio. Furthermore, the strength of the process is crucially determined by the coupling of the f 1 (1285) to K * K andK * K which we obtain from a previous model [32] where the f 1 (1285) was dynamically generated using the techniques of the chiral unitary approach. Thus the value of the coupling is a genuine prediction of that picture and the fact that the branching ratio agrees with the experimental value within uncertainties supports the dynamical (or molecular) picture of the f 1 (1285).
II. FORMALISM
We first justify why we expect the τ − → f 1 (1285)π − ν τ decay to be dominated by the triangle diagram shown in Fig. 1 . First of all, the f 1 (1285) resonance must be produced from K * K andK * K since this resonance was dynamically generated from this channels in ref. [32] . In general, the work in ref. [32] evaluated the S-wave interaction of the octet of pseudoscalar mesons (P ) and the nonet of vector mesons (V ) with the only input of a lowest order chiral Lagrangian for the V P → V P interaction. The implementation of unitarity in coupled channels, allowed to obtain dynamically most of the lowest axial-vector resonances which are identified by poles in unphysical Riemann sheets of the unitarized scattering amplitudes. Implementation of higher order terms in the kernel (potential) in this chiral unitary approach was found to have negligible effects [33] . From the residues at the poles, the couplings to the different channels can be obtained. In particular, and of interest for the present work, in the isoscalar channel a pole was found at √ s = 1288 MeV in the real axis in the physical sheet from the scattering of the positive G-parity
, which is the only allowed positive G-parity combination of a vector and a pseudoscalar meson with 0 isospin and 0 strangeness. The position of the pole is 100 MeV below the K * K threshold and thus it corresponds to a bound state. The coupling obtained in [32] for the f 1 (1285) to
MeV, if the V P loop functions are regularized using dimensional regularization. However, for the reasons explained below, we need the equivalent three-momentum cutoff if using a cutoff regularization scheme. This three-momentum cutoff, Λ, turns out to be Λ = 1000 MeV in order to get the f 1 pole at the experimental mass value. With the cutoff regularization we obtain now that the g f1 coupling is g f1 = 7475 MeV. Altogether we can assign for the value of that coupling 1 Note the different G− and C−parity prescription with respect to ref. [32] . Here we use C|P = |P and C|V = −|V and |K − and |K * − isospin states are −|I = 
Triangular mechanism for the τ → f1(1285)π − ντ decay g f1 = 7350 ± 130 MeV. Therefore, in this model the f 1 (1285) resonance can be interpreted as a molecular K * K and K * K state and thus in the τ → f 1 (1285)π − ν τ decay it must be dominantly produced from aK * K and K * K through the diagram depicted in Fig. 1 . Other diagrams with different combinations of K * 's and K's inside the triangle require V V P or P P P anomalous vertices or require the coupling of the W − toKK which is an order of magnitude smaller than the coupling toK * K * , as can be deduced from the ratio of the phase space allowed in these decays and the experimental decay value. Furthermore, all those other possible diagrams are not enhanced by the triangle singularity explained below.
The triangle diagrams of the kind of that shown in Fig. 1 are usually small except for particular kinematic conditions which are fulfilled in the present case. As shown in [12, 34] , the triangle presents a singularity when the particles in the loop are collinear and the process can occur at the classical level (Coleman-Norton theorem). In other words, the singularity happens if the three particles in the loop can go on-shell and the momentum of the lowest K * and the K inside the loop are parallel and the K meson moves faster than the lowest K * so that it can catch up with the K * to rescatter. Mathematically, this occurs for a value of the incoming energy √ s (the f 1 (1285)π invariant mass) which is the solution of the equation [34] 
where q on is the on-shell momentum of the K * in the W − (or τ ν τ ) rest frame with total energy √ s, and q a − corresponds to the solution for f 1 (1285) → K * K in the W − rest frame which has negative imaginary part (−iε), with q and k antiparallel. (See reference [34] to see explicit expressions for q on and q a − and a justification for Eq. (1) as well as for further discussion on the origin of the singularity). It is worth noting that the f 1 (1285) has a mass about 100 MeV below the K * K threshold and then the singularity cannot explicitly occur since the solution of Eq. (1) requires the invariant mass of the f 1 (1285) to be larger than the threshold of the lowest K * and the K. leg just a few MeV above the K * K threshold, a singularity occurs for a value for f 1 (1285)π invariant mass (M f1π ) slightly above 1800 MeV. That value of M f1π is never reached in the present τ decay, since the maximum value of M f1π is m τ = 1777 MeV, but the pole is close enough to the allowed phase-space as to influence the f 1 π mass distribution and benefit from the proximity to the singularity. In any case, the previous semiqualitative discussion about the importance of the triangle mechanism of Fig. 1 needs to be backed up with its proper quantitative evaluation which we carry out in the following.
Let us address, next, the evaluation of the τ → ν τ K * K * part. The K * K * production is assumed to proceed first from the Cabibbo dominatingūd production from the W − which then hadronizes producing an ss with quantum numbers, 3 P 0 , so that the pair has the vacuum quantum numbers, see Fig. 2 . The production is dominant for final K * K * in S-wave and J = 0. This implies that the initialūd pair must be in L = 1, S = 1 to match the parity and angular momentum of the final K * K * pair. Theūd production vertex is proportional to ū d |γ µ (1− γ 5 )|v u . Therefore, up to global constants, the hadronic part accounting for the W − → K * K * must be
In the frame of reference where the W − is at rest, both u and d quarks have a small momentum since they will have an invariant mass close to 2m K * . Therefore, in the limit of small momenta of the quarks and for the total spin S = 1 combination, the quark matrix element of Eq. (2) reduces to (see Appendix A for explicit details of the evaluation)
(3) with s 1 (s 2 ) the spin third component of d (ū) and C(...) a Clebsch-Gordan coefficient. Note that H µ has only space components in the present case. The phase in Eq. (3) comes from particle-hole conjugation to account for the antiquark state.
For the leptonic current, L µ , accounting for the part at the left of the W − boson, we have, up to constants,
decay width, we will need the sum over the lepton polarizations which will give the standard result
For the evaluation of the decay width we will need the contraction with the hadronic part H µ from Eq. (3), which after some algebra (see Appendix A) gives
where E τ and E ν , are the τ and the ν τ energies in the W − boson rest frame. Therefore, for the amplitude τ → ν τ K * 0 K * − , we can effectively use
. (7) with ǫ(K * ) and ǫ ′ (K * ) the polarization vectors of the K * andK * . In Eq. (7), C is a constant which can be obtained from experimental data of the partial decay width of τ → ν τ K * K * . Indeed, using the amplitude of Eq. (7), the invariant mass distribution of the partial decay width for
wherep ν is the ν τ three-momentum in the τ rest frame,
. Note, however, that there would be no available phase space for the decay τ → ν τ K * K * if the K * was infinitely narrow. Thus the τ → ν τ K * K * takes place only because of the tails of the K * andK * distributions. Therefore, in order to evaluate the partial width Γ τ →ντ K * K * we need to account for the finite K * widths. We do this by folding the width coming from Eq. (8) with the spectral distribution of the K * and K * :
where m 1 and m 2 have to be used as the masses of the K * andK * in Eq. (8) . Note that Eq. (9) essentially accounts for the five-body phase space for the decay τ → ν τ K * K * → ν τ KπKπ. In Eq. (9), D K * (m) stands for the K * propagator. Since the τ → ν τ K * K * only sees the lowest part of the K * tails, it is very important to have a good parametrization of the K * spectral distribution from the Kπ threshold on. Therefore we use an energy dependent width in the propagators considering also the Blatt-Weisskopf penetration factors [35] to take into account the form factor of the K * decay into Kπ:
with
where Γ o is the total width of the K * , p(m) the K or π momentum in the K * rest frame for a K * invariant mass m, and B ′ 1 (m) is the p-wave Blatt-Weisskopf barrier penetration factor [35] given by
In Eq. (12), R stands for the range parameter of the K * for which we use an average of the values reported by the PDG [36] , R = 3.2 ± 1.0 GeV −1 . The experimental data for τ → ν τ K * K * to get the global normalization of the K * K * vertex, C, can be obtained from the branching ratios quoted in the PDG [36] ,
−5 , which provide a value BR(τ − → ν τ K * − K * 0 ) = (2.1 ± 0.5) × 10 −4 . Once we have the τ → ν τ K * K * part, we next proceed to evaluate the rest of the diagram in Fig. 1 . In addition to the K * K * vertex and the f 1 (1285)K * K explained above, we need also the K * Kπ vertex that we obtain from the V P P Lagrangian
where P (V ) are the usual SU (3) matrices containing the pseudoscalar (vector) mesons. The coupling g is of the order of m ρ /(2f ) = 4.14, with f = 93 MeV the pion decay constant, but we can fine tune the value for K * Kπ vertex from the experimental value of the decay width of K * → Kπ, and we get g = 4.31 ± 0.10. The sum of amplitudes for the diagrams of Fig. 1 , considering the V P P couplings of Fig. 1 and the KK * components of the f 1 wave function, takes the form, in the W − (or f 1 π) rest frame ( P = 0),
from where the final expression for the mass distribution of the partial decay width is: (14) and (15), t T stand for the triangle loop function which in the present case reads
where the labels 1, 2, 3 stand for the particles on the upper side, lower side and right side respectively of the triangle in Fig. 1 . After performing the integration in q 0 , the amplitude in Eq. (16) takes the form
where
is the π − momentum in the πf 1 rest frame. The integral in Eq. (17) is convergent, however we have to include a threemomentum cutoff which is the same as the one needed to regularize the K * K loop in the dynamical generation of the f 1 (1285) within the chiral unitary approach of Ref. [32] . Indeed, it was justified in Ref. [37] that if a three-momentum cutoff is used in the V P potential, it translates into the cutoff needed to regularize the V P loop function in the evaluation of the unitarized amplitude. Furthermore it is also shown in Ref. [37] that the final V P → V P full amplitude is affected by the same cutoff for the external momenta in the resonance rest frame. Since the g f1 coupling we use is obtained within that model, then we have to limit the momentum allowed to enter the f 1 with the same cutoff, which is Λ ≡ 1000 MeV in the present case [32] . Since Λ refers to the three-momentum in the f 1 (1285) rest frame, we have to boost the q momentum to that frame, which gives
Therefore we have to add to the integrand of Eq. (17) the factor Θ(Λ − q * ), where Θ is the step function. As mentioned in the discussion around Eq. (1), the function t T has a singularity if Eq. (1) has a solution. For the value of the masses of the present triangle there would be a singularity, located a bit above 1800 MeV, if the mass of the f 1 (1285) was about 1390 MeV, which is not the actual value of the f 1 (1285) but is not to far away and hence the amplitude can still have an important enhancement even though there is not an exact singularity. Furthermore, the singularity only happens strictly in the limit of narrow resonances in the loop. The usual effect of considering the finite widths of the resonances inside the triangle results in a broadening of the peak and thus the singularity turns into a bump. In order to take into account the finite widths of the K * mesons inside the loop, we can add a factor iΓ K * /2 in the denominators of Eq. (17) for each K * that can be on-shell in the integration of the loop.
III. RESULTS
In Fig. 3 we plot the triangle t T as a function of the f 1 π invariant mass. In spite of the actual mass of the f 1 being about 100 MeV below the required mass to get a singularity and the broadening caused by the finite K * widths, we still see a prominent increase of the triangle function which then justifies the importance of the triangle mechanism in the present reaction, as anticipated in the discussion around Eq. (1). But in order to see its quantitative relevance we have to see its effect on the τ → f 1 (1285)πν τ decay width. This is shown in Fig. 4 , where we plot (solid line) the result for the mass distribution of the branching ratio 1 Γτ
including the error band calculated implementing a Monte Carlo gaussian sampling of the parameters within their uncertainties. The parameters with errors considered in the error analysis are: R = 3.0 ± 1.0 GeV −1 (see Eq. (12)
(see paragraph below Eq. (12)), g = 4.31 ± 0.10 (see Eq. (13)) and g f1 = 7350 ± 130 MeV (see discussion at the beginning of the Formalism section). In Fig. 4 we also plot (dashed line) the phase space normalized to the area below the solid line. We can see that the strength of the distribution is clearly shifted towards the higher part of the spectrum, manifesting the important effect of the increasing tail of the triangle loop (see Fig. 3 ). This finding is interesting and the shifted peak is not tied to any resonance in the f 1 π system. In Ref. [8] a possible shift of the strength of the invariant mass distribution to higher masses is tied to the a 1 (1640) excitation. Even though their distribution peaks at lower energies than ours [8] .
The integrated area below the distribution provides the branching ratio for the τ → f 1 πν τ decay which gives
which compares well with the experimental value (3.9 ± 0.5)×10 −4 [36] within uncertainties. The agreement with the experimental result for the overall branching ratio is a significant and non-trivial result. First of all because the decay proceeds in our model through the triangle mechanism which has a non-trivial shape and strength. On the other hand, the absolute normalization of the branching ratio depends crucially on the coupling, g f1 of the f 1 (1285) toK * K (and K * K ) which is a non-trivial prediction of the chiral unitary approach, and hence the result reinforces the idea of the dynamical, or molecular, nature of the f 1 (1285) resonance. Experimental results on this distribution would be mostly welcome to support or disprove the previous claims.
Appendix A: Quark spinor algebra
In this Appendix we detail the evaluation of the W − → K * K * vertex, the steps from Eq. (2) to Eq. (3), and the explicit steps that lead to Eq. (6) .
We work in the rest of reference of the W − or total K * K * pair at rest. In that frame, and since in the present work we are going to be at an energy range where the invariant mass of the K * K * is of the order of m τ ∼ 2m K * , the individual K * andK * are also having small three-momentum, q ∼ 0. Thus
with the Dirac 4-spinors
In Eq. (A1) we need the following terms (where we use the Dirac representation of the γ matrices)
Therefore, only the γ i and γ 0 γ 5 contribute. As explained in the paragraph above Eq. (2), the initialūd pair must be in L = 1, S = 1, to match the parity and angular momentum of the final K * K * pair. The term with γ 0 γ 5 in Eq. (A3) does not contribute to S = 1. Indeed, (χ, χ ′ ) = δ s1s2 projected over total spin S = 1 gives s+ms a(ᾱ, s, −m s ) [38] , where b † is the antiparticle (hole) creation operator and a the particle annihilator. Thus, for S = 1, Eq. (A4) is zero. The only non-zero contribution for S = 1 comes from the (χ, σ i χ ′ ) in Eq. (A3). (We will use in the following |s 1 to stand for the spinor χ and |s 2 for χ ′ ). The projection over spin S gives, considering σ in the spherical basis and using the Wigner-Eckart theorem, 
where we have used that 
and thus it gives contribution when S = 1. Note that the final result of Eq. (A5) does not depend on the third component, µ, of the total spin, S.
For the evaluation of the amplitude squared we need the contraction with the leptonic part, (see Eq. (6)), and, since we only have contribution from σ i , we only need the space components of Eq. (5). We will first have terms that go as σ · p which contribute to S = 1 as s1 s 1 | σ · p|s 2 C( 
